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1. Introduction
LetΣp denote the class of functions f of the form
f (z) = z−p +
∞∑
n=1−p
anzn (p ∈ N := {1, 2, 3, . . .}), (1.1)
which are analytic in the punctured open unit disk
U∗ := {z : z ∈ C and 0 < |z| < 1} =: U \ {0}.
Let P denote the class of functions of the form
p (z) = 1+
∞∑
n=1
pnzn,
which are analytic and convex in U and satisfy the condition
R(p (z)) > 0 (z ∈ U).
Let f , g ∈ Σp, where f is given by (1.1) and g is defined by
g(z) = z−p +
∞∑
n=1−p
bnzn.
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Then the Hadamard product (or convolution) f ∗ g is defined by
(f ∗ g)(z) := z−p +
∞∑
n=1−p
anbnzn =: (g ∗ f )(z).
For two functions f and g , analytic in U, we say that the function f is subordinate to g in U, and write
f (z) ≺ g(z) (z ∈ U),
if there exists a Schwarz function ω, which is analytic in Uwith
ω(0) = 0 and |ω(z)| < 1 (z ∈ U)
such that
f (z) = g(ω(z)) (z ∈ U).
Indeed, it is known that
f (z) ≺ g(z) (z ∈ U) H⇒ f (0) = g(0) and f (U) ⊂ g(U).
Furthermore, if the function g is univalent in U, then we have the following equivalence:
f (z) ≺ g(z) (z ∈ U)⇐⇒ f (0) = g(0) and f (U) ⊂ g(U).
A function f ∈ Σp is said to be in the classMS∗p(α) ofmeromorphic p-valent starlike functions of order α if it satisfies the
inequality
R
(
zf ′(z)
f (z)
)
< −α (0 5 α < p; z ∈ U). (1.2)
Moreover, a function f ∈ Σp is said to be in the class MKp(α) of meromorphic p-valent convex functions of order α if it
satisfies the inequality
R
(
1+ zf
′′(z)
f ′(z)
)
< −α (0 5 α < p; z ∈ U). (1.3)
It is readily verified from (1.2) and (1.3) that
f ∈MKp(α)⇐⇒ − zf
′
p
∈MS∗p(α).
For simplicity, we write
MS∗p(0) =MS∗p and MKp(0) =MKp.
Recently, Nunokawa and Ahuja [1] (see also Ali and Ravichandran [2]) discussed the following class of meromorphic
δ-convex functions of order γ :
R
(
(1− δ) zf
′(z)
f (z)
+ δ
(
1+ zf
′′(z)
f ′(z)
))
< −γ (z ∈ U; δ = 0; γ < 1; f ∈ Σ1).
For some other recent investigations of meromorphic functions, see (for example) the works of [3–47] and the references
cited therein.
We now introduce and investigate the following two new subclasses of the classΣp of meromorphic p-valent functions.
Definition. A function f ∈ Σp is said to be in the classMp(β) if it satisfies the inequality
R
(
zf ′(z)
f (z)
)
> −β (z ∈ U;β > p). (1.4)
Also, a function f ∈ Σp is said to be in the classNp(β) if and only if
− zf
′
p
∈Mp(β).
Clearly, for β > p, we know that z−p ∈ Mp(β) and z−p ∈ Np(β). Here we give another two examples of functions f
belonging to the classesMp(β) andNp(β), respectively.
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Example.
z−p · (1− z)2(p−β) ∈Mp(β) (z ∈ U∗),
and
−p
∫ z
z0
u−p−1 · (1− u)2(p−β)du ∈ Np(β) (z ∈ U∗; 0 < |z0| < |z|).
Proof. From (1.4), we know that
β + zf ′(z)f (z)
β − p =
1+ z
1− z (z ∈ U). (1.5)
Next, we find from (1.5) that
f ′(z)
f (z)
+ p
z
= 2(β − p)
1− z (z ∈ U
∗). (1.6)
Upon integration, we have
f (z) = z−p · (1− z)2(p−β) ∈Mp(β) (z ∈ U∗).
Furthermore, by noting that
f ∈ Np(β)⇐⇒ − zf
′
p
∈Mp(β),
we deduce that
−p
∫ z
z0
u−p−1 · (1− u)2(p−β)du ∈ Np(β)
(
z ∈ U∗; 0 < |z0| < |z|
)
. 
In the present paper, we aim at proving some subordination properties, coefficient inequalities, integral representations
and convolution properties for the classes Mp(β) and Np(β). Several sufficient conditions for meromorphic multivalent
starlikeness and convexity are also derived.
2. Preliminary results
In order to prove our main results, we need the following lemmas.
Lemma 1. A function f ∈Mp(β) if and only if
− zf
′(z)
f (z)
≺ p− (2β − p)z
1− z (z ∈ U). (2.1)
Proof. Suppose that
h(z) := β +
zf ′(z)
f (z)
β − p
(
z ∈ U; f ∈Mp(β)
)
. (2.2)
We easily know that h ∈ P , which implies that
β + zf ′(z)f (z)
β − p =
1+ ω(z)
1− ω(z)
(
z ∈ U; f ∈Mp(β)
)
, (2.3)
where ω is analytic in Uwith
ω(0) = 0 and |ω(z)| < 1 (z ∈ U).
Thus, we find from (2.3) that
− zf
′(z)
f (z)
= p− (2β − p)ω(z)
1− ω(z) (z ∈ U),
which is equivalent to the subordination relationship (2.1).
On the other hand, the above deductive process can be converse. Therefore, the proof of Lemma 1 is completed. 
By similarly applying the method of proof of Lemma 1, we get the following subordination relationship for the class
Np(β).
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Lemma 2. A function f ∈ Np(β) if and only if
−
(
1+ zf
′′(z)
f ′(z)
)
≺ p− (2β − p)z
1− z (z ∈ U). (2.4)
Lemma 3. If f ∈ Σp satisfies the inequality
∞∑
n=1−p
(|n+ µ| + |n− µ|) |an| 5 2µ (0 < µ 5 p), (2.5)
then f ∈MS∗p . Furthermore, if f ∈ Σp satisfies the inequality
∞∑
n=1−p
|n| (|n+ µ| + |n− µ|) |an| 5 2pµ (0 < µ 5 p), (2.6)
then f ∈MKp.
Proof. To prove f ∈MS∗p , it suffices to show that∣∣∣∣∣
zf ′(z)
f (z) + µ
zf ′(z)
f (z) − µ
∣∣∣∣∣ < 1 (0 < µ 5 p; z ∈ U).
From (2.5), we know that
(p+ µ)−
∞∑
n=1−p
|n− µ| |an| = (p− µ)+
∞∑
n=1−p
|n+ µ| |an| > 0. (2.7)
Now, by the maximummodulus principle, we deduce from (1.1) and (2.7) that
∣∣∣∣∣
zf ′(z)
f (z) + µ
zf ′(z)
f (z) − µ
∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣
−p+ µ+
∞∑
n=1−p
(n+ µ)anzn−p
−p− µ+
∞∑
n=1−p
(n− µ)anzn−p
∣∣∣∣∣∣∣∣∣
<
p− µ+
∞∑
n=1−p
|n+ µ| |an|
p+ µ−
∞∑
n=1−p
|n− µ| |an|
5 1. (2.8)
This completes the proof of the first part of Lemma 3.
The proof of the second part of Lemma 3 is much akin to that of the first part. We here choose to omit the analogous
details. 
Lemma 4. Let p ∈ N and β > p. Suppose also that the sequence {Ap+m}∞m=0 is defined by
Ap = β − pp (m = 0),
Ap+m = 2(β − p)2p+m
(
1+
m−1∑
k=0
Ap+k
)
(m ∈ N).
(2.9)
Then
Ap+m = 2(β − p)2β +m
m∏
k=0
2β + k
2p+ k (m ∈ N0 := N ∪ {0}). (2.10)
Proof. We use the principle of mathematical induction to prove the assertion (2.10) of Lemma 4. Indeed, from (2.9), we
know that
Ap+1 = 2β(β − p)p (2p+ 1) =
2(β − p)
2β + 1
1∏
k=0
2β + k
2p+ k ,
which implies that (2.10) holds true form = 1.
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We now suppose that (2.10) holds true form = j (j = 2). Then
Ap+j = 2(β − p)2β + j
j∏
k=0
2β + k
2p+ k . (2.11)
Combining (2.9) and (2.11), we find that
Ap+j+1 = 2(β − p)2p+ j+ 1
(
1+
j∑
k=0
Ap+k
)
= 2(β − p)
2p+ j+ 1
(
1+
j−1∑
k=0
Ap+k
)
+ 2(β − p)
2p+ j+ 1Ap+j
= 2(β − p)
2p+ j+ 1 ·
2p+ j
2(β − p)Ap+j +
2(β − p)
2p+ j+ 1Ap+j
= 2β + j
2p+ j+ 1Ap+j =
2(β − p)
2β + j+ 1
j+1∏
k=0
2β + k
2p+ k ,
which shows that (2.10) holds true form = j+ 1. The proof of Lemma 4 is evidently completed. 
3. Properties of the function classMp(β)
We begin by presenting the following coefficient inequality for the function classMp(β).
Theorem 1. If f ∈ Σp satisfies the inequality
∞∑
n=1−p
(n+ 2β − λ+ |n+ λ|) |an| 5 2(β − p) (0 5 λ 5 p;β > p), (3.1)
then f ∈Mp(β).
Proof. To prove f ∈Mp(β), it is sufficient to show that∣∣∣∣∣
zf ′(z)
f (z) + λ
zf ′(z)
f (z) + (2β − λ)
∣∣∣∣∣ < 1 (0 5 λ 5 p;β > p; z ∈ U).
Now, by similarly applying the method of proof of Lemma 3, we deduce that the assertion of Theorem 1 holds true. 
Next, we derive an integral representation of functions belonging to the classMp(β).
Theorem 2. Let f ∈Mp(β). Then
f (z) = z−p · exp
(
2(β − p)
∫ z
0
ω(t)
t(1− ω(t))dt
) (
z ∈ U∗) , (3.2)
where ω is analytic in U with
ω(0) = 0 and |ω(z)| < 1 (z ∈ U).
Proof. For f ∈Mp(β), from Lemma 1, we know that (2.1) holds true. It follows that
zf ′(z)
f (z)
= (2β − p)ω(z)− p
1− ω(z) (z ∈ U), (3.3)
where ω is analytic in Uwith
ω(0) = 0 and |ω(z)| < 1 (z ∈ U).
We next find from (3.3) that
f ′(z)
f (z)
+ p
z
= 2(β − p)ω(z)
z(1− ω(z)) (z ∈ U
∗),
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which, upon integration, yields
log
(
zpf (z)
) = 2(β − p) ∫ z
0
ω(t)
t(1− ω(t))dt. (3.4)
The assertion (3.2) of Theorem 2 can now easily be derived from (3.4). 
We now prove a convolution property for the classMp(β).
Theorem 3. Let f ∈Mp(β). Then
f ∗
{(−p z−p + (p+ 1)z−p+1
(1− z)2
) (
1− eiθ )+ z−p
1− z
[
p− (2β − p)eiθ ]} 6= 0 (z ∈ U∗; 0 < θ < 2pi). (3.5)
Proof. Assume that f ∈Mp(β). Then, by Lemma 1, we know that (2.1) holds true, which implies that
− zf
′(z)
f (z)
6= p− (2β − p)e
iθ
1− eiθ (z ∈ U; 0 < θ < 2pi). (3.6)
It is easy to see that the condition (3.6) can be written as follows:(
1− eiθ ) zf ′(z)+ [p− (2β − p)eiθ ] f (z) 6= 0 (z ∈ U∗; 0 < θ < 2pi). (3.7)
We note that
f (z) = f (z) ∗
(
z−p + z−p+1 + · · · + 1
z
+ 1+ z
1− z
)
= f (z) ∗ z
−p
1− z , (3.8)
and
zf ′(z) = f (z) ∗
[
−p z−p − (p− 1)z−p+1 − · · · − 1
z
+ z
(1− z)2
]
= f (z) ∗ −p z
−p + (p+ 1)z−p+1
(1− z)2 . (3.9)
Thus, by virtue of (3.7)–(3.9), we easily get the assertion (3.5) of Theorem 3. 
In the following, we give the coefficient estimates of functions belonging to the classMp(β).
Theorem 4. Let
f (z) = z−p +
∞∑
l=m
ap+lzp+l ∈Mp(β) (m ∈ N0). (3.10)
Then ∣∣ap+m∣∣ 5 2(β − p)2β +m
m∏
k=0
2β + k
2p+ k (m ∈ N0). (3.11)
Proof. Suppose that
h(z) = 1+ h1z + h2z2 + · · · ∈ P
is defined by (2.2). It follows that
zf ′(z) = (β − p)f (z)h(z)− βf (z). (3.12)
We now find from (3.10) and (3.12) that
− pz−p + p apzp + (p+ 1)ap+1zp+1 + · · · + (p+m)ap+mzp+m + · · ·
= (β − p)(z−p + apzp + ap+1zp+1 + · · · + ap+mzp+m + · · ·)
× (1+ h1z + h2z2 + · · · + hmzm + · · ·)− β(z−p + apzp + ap+1zp+1 + · · · + ap+mzp+m + · · ·). (3.13)
By evaluating the coefficients of zp+m in both sides of (3.13), we get
(p+m)ap+m = (β − p)(h2m+p + aphm + ap+1hm−1 + · · · + ap+m)− βap+m. (3.14)
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On the other hand, it is well known that
|hk| 5 2 (k ∈ N). (3.15)
Combining (3.14) and (3.15), we easily get∣∣ap∣∣ 5 β − pp ,
and
∣∣ap+m∣∣ 5 2(β − p)2p+m
(
1+
m−1∑
k=0
∣∣ap+k∣∣) (m ∈ N). (3.16)
Suppose that p ∈ N and β > p. We define the sequence {Ap+m}∞m=0 as follows:
Ap = β − pp (m = 0),
Ap+m = 2(β − p)2p+m
(
1+
m−1∑
k=0
Ap+k
)
(m = 1).
(3.17)
In order to prove that∣∣ap+m∣∣ 5 Ap+m (m ∈ N0),
we use the principle of mathematical induction. It is easy to verify that∣∣ap∣∣ 5 Ap = β − pp .
Thus, assuming that∣∣ap+j∣∣ 5 Ap+j (j = 0, 1, . . . ,m;m ∈ N0),
we find from (3.16) and (3.17) that
∣∣ap+m+1∣∣ 5 2(β − p)2p+m+ 1
(
1+
m∑
k=0
∣∣ap+k∣∣)
5
2(β − p)
2p+m+ 1
(
1+
m∑
k=0
Ap+k
)
= Ap+m+1 (m ∈ N0).
Therefore, by the principle of mathematical induction, we have∣∣ap+m∣∣ 5 Ap+m (m ∈ N0), (3.18)
as desired.
By means of Lemma 4 and (3.17), we know that
Ap+m = 2(β − p)2β +m
m∏
k=0
2β + k
2p+ k (m ∈ N0). (3.19)
Combining (3.18) and (3.19), we readily get the coefficient estimates (3.11) asserted by Theorem 4. 
Finally, we give a sufficient condition for the meromorphic multivalent starlikeness associated with the function class
Mp(β).
It is interesting to find the bounds of β for the meromorphic multivalent starlikeness of
f (z) = z−p +
∞∑
l=m
ap+lzp+l ∈Mp(β) (m ∈ N).
To do this, we consider the inequality
∞∑
n=p+1
n |an| 5
∞∑
n=p+1
µ (n+ β)
β − p |an| 5 µ (0 < µ 5 p), (3.20)
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which can be rewritten as follows:
∞∑
n=p+1
[(µ− n)β + (p+ µ)n] |an| = 0. (3.21)
Now, we define
F(n, µ, β, p) := (µ− n)β + (p+ µ)n (n ∈ N \ {1, 2, . . . , p}). (3.22)
Thus, by Lemma 3, we conclude that if f ∈ Σp satisfies the condition
∞∑
n=p+1
F(n, µ, β, p) |an| = 0 (β > p), (3.23)
then f ∈MS∗p .
Theorem 5. If
f (z) = z−p +
∞∑
l=m
ap+lzp+l ∈ Σp (m ∈ N)
satisfies the inequality
∞∑
n=p+1
(n+ β) |an| 5 β − p,
where
p < β 5 p+ (p+ n)µ
n− µ (n ∈ N \ {1, 2, . . . , p}; 0 < µ 5 p), (3.24)
then f ∈MS∗p .
Proof. Suppose that (3.24) holds true. We easily find that
F(n, µ, β, p) = (µ− n)β + (p+ µ)n = 0,
which implies that (3.23) holds true. Therefore, we conclude that f ∈MS∗p . 
4. Properties of the function classNp(β)
By similarly applying the methods of proof of Theorems 1–5, respectively, we easily get the following results for the
function classNp(β).
Corollary 1. If f ∈ Σp satisfies the inequality
∞∑
n=1−p
|n| (n+ 2β − λ+ |n+ λ|) |an| 5 2p (β − p) (0 5 λ 5 p;β > p),
then f ∈ Np(β).
Corollary 2. Let f ∈ Np(β). Then
f (z) = −p
∫ z
z0
u−p−1 · exp
(
2(β − p)
∫ u
0
ω(t)
t(1− ω(t))dt
)
du
(
z, u ∈ U∗; 0 < |z0| < |z| ; f (z0) = 0
)
,
where ω is analytic in U with
ω(0) = 0 and |ω(z)| < 1 (z ∈ U).
Corollary 3. Let f ∈ Np(β). Then
f ∗
{
− z
p
{(−p z−p + (p+ 1)z−p+1
(1− z)2
) (
1− eiθ )+ z−p
1− z
[
p− (2β − p)eiθ ]}′} 6= 0 (z ∈ U∗; 0 < θ < 2pi).
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Corollary 4. Let
f (z) = z−p +
∞∑
l=m
ap+lzp+l ∈ Np(β) (m ∈ N0).
Then ∣∣ap+m∣∣ 5 2p (β − p)
(p+m)(2β +m)
m∏
k=0
2β + k
2p+ k (m ∈ N0).
Corollary 5. If
f (z) = z−p +
∞∑
l=m
ap+lzp+l ∈ Σp (m ∈ N)
satisfies the inequality
∞∑
n=p+1
n(n+ β) |an| 5 p (β − p),
where β is given by (3.24), then f ∈MKp.
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